Kaluza-Klein Consistency, Killing Vectors, and Kahler Spaces by Hoxha, P. et al.
ar
X
iv
:h
ep
-th
/0
00
51
72
v2
  2
6 
M
ay
 2
00
0
CTP TAMU-xx/00
May 2000
hep-th/0005172
Kaluza-Klein Consistency, Killing Vectors and Ka¨hler Spaces
P. Hoxha, R.R. Martinez-Acosta and C.N. Pope
Center for Theoretical Physics, Texas A&M University, College Station, TX 77843
ABSTRACT
We make a detailed investigation of all spaces Qq1···qNn1···nN of the form of U(1) bundles over
arbitrary products
∏
i CP
ni of complex projective spaces, with arbitrary winding numbers
qi over each factor in the base. Special cases, including Q
11
11 (sometimes known as T
11),
Q111111 and Q
32
21, are relevant for compactifications of type IIB and D = 11 supergravity.
Remarkable “conspiracies” allow consistent Kaluza-Klein S5, S4 and S7 sphere reductions
of these theories that retain all the Yang-Mills fields of the isometry group in a massless
truncation. We prove that such conspiracies do not occur for the reductions on the Qq1···qNn1···nN
spaces, and that it is inconsistent to make a massless truncation in which the non-abelian
SU(ni + 1) factors in their isometry groups are retained. In the course of proving this we
derive many properties of the spaces Qq1···qNn1···nN of more general utility. In particular, we show
that they always admit Einstein metrics, and that the spaces where qi = (ni + 1)/ℓ all
admit two Killing spinors. We also obtain an iterative construction for real metrics on CPn,
and construct the Killing vectors on Qq1···qNn1···nN in terms of scalar eigenfunctions on CP
ni .
We derive bounds that allow us to prove that certain Killing-vector identities on spheres,
necessary for consistent Kaluza-Klein reductions, are never satisfied on Qq1···qNn1···nN .
Research supported in part by DOE grant DOE-FG03-95ER40917
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1 Introduction
In its original form Kaluza-Klein reduction was used for the purpose of deriving a four-
dimensional theory comprising gravity, a U(1) gauge field and a dilatonic scalar, starting
from pure gravity in five dimensions. The extra dimension is taken to be a circle, and the
five-dimensional metric is then assumed to be independent of the coordinate y on the circle.
Such a truncation is consistent, and gives rise to an Einstein-Maxwell theory in D = 4,
coupled to the dilatonic scalar field. The consistency of the truncation is assured because
the reduction ansatz retains all the four-dimensional fields that are independent of y, while
setting all fields that would be associated with y-dependent harmonics on S1 to zero. In
a similar vein, Kaluza-Klein reductions involving higher-dimensional theories compactified
on tori can also be considered, and again consistent truncations where all fields are taken
to be independent of the torus coordinates can be performed.
The situation is much less clear-cut in the case where one performs a reduction on a
curved internal manifold, such as a sphere. The new complication in such a case is that the
harmonics on the internal space associated with the massless fields in the lower dimension
typically now depend on the coordinates of the internal space. This causes no difficulty in a
linearised analysis of small fluctuations around a ground-state solution (see, for example, [1],
and references therein), but as soon as one wants to consider the full non-linear structure of
the theory it raises the possibility of inconsistencies in a truncation to the massless sector. In
fact this is more than a possibility; in general, there will definitely be inconsistencies. This
makes it all the more remarkable that there exist certain exceptional cases in which a fully
non-linear sphere reduction and truncation is completely and rigorously consistent. Many of
the known cases involve special reductions of supergravity theories, notably involving S7 [2]
or S4 [3, 4] reductions of D = 11, the S5 reduction of type IIB,1 and a local S4 reduction of
the massive type IIA theory [9]. Other exceptional examples of consistent sphere reductions
in which all the Yang-Mills gauge fields can be retained have also been found recently, for
cases that do not necessarily have any connection with supersymmetry. These comprise the
reduction of the low-energy limit of the bosonic string, in an arbitrary dimension D, on
the 3-sphere or the (D − 3)-sphere, and the reduction of certain theories of gravity plus a
dilaton and a 2-form field strength in D dimensions on a 2-sphere [10]. In all these cases,
1The consistency of the S5 reduction to five-dimensional maximal gauged supergravity remains conjec-
tural at this time, but strong supporting evidence has been obtained, including various explicit consistent
reductions to subsets of the maximal supergravity [5, 6, 7], and an explicit expression for the complete metric
reduction ansatz [8].
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there is no known group-theoretic proof for why the reduction should be consistent.2
Two approaches to proving the consistency of these supergravity sphere reductions have
been pursued in the literature. For the S7 [2] and S4 [3, 4] reductions from D = 11, the
truncations to the maximally supersymmetric gauged SO(8) and SO(5) supergravities in
D = 4 and D = 7 have been argued to be consistent by demonstrating that consistent
supersymmetry transformation rules in the lower dimension can be extracted from the
original ones in D = 11. A complete and rigorous proof of consistency along these lines
would in principle require the analysis of the supersymmetry transformation rules to all
orders, including quartic fermion terms, and the difficulties in doing this are considerable.
However, it seems reasonable to conclude that the already highly non-trivial success at the
quadratic level would persist to all orders. The approach has been used for the S7 [2] and
S4 [3, 4] reductions, and in the latter case has allowed an explicit construction of the exact
bosonic reduction ansatz. No analogous complete results have been obtained for the S5
reduction of type IIB supergravity, but it seems highly likely to be consistent also.
The alternative approach to proving the consistency of a Kaluza-Klein reduction is a
more direct one, in which one explicitly constructs a reduction ansatz which, when substi-
tuted into the full set of higher-dimensional equations of motion, gives a consistent embed-
ding provided that the lower-dimensional equations of motion are satisfied. This approach
has been used to provide a complete proof of the consistency in several sphere reductions,
where further truncations to subsets of the fields of the maximal massless supermultiplet
are made. Cases that have been fully proven by this means include N = 2 gauged SU(2)
supergravity in D = 7 by an S4 reduction from D = 11 [11]; the N = 4 gauged SU(2)×U(1)
supergravity in D = 5 by an S5 reduction from type IIB in D = 10 [6]; the N = 4 gauged
SO(4) supergravity by S7 reduction from D = 11 [12], and the N = 2 gauged SU(2) super-
gravity in D = 6 by a local S4 reduction from the massive type IIA theory in D = 10 [9].
(In this last example N = 2 is in fact the largest supersymmetry for gauged supergravity
in D = 6, even though ungauged N = 4 supergravity exists.) In addition, the consistency
of the truncations of the S4, S5 and S7 reductions to include gravity and all the diagonal
scalars of the SL(5, R)/SO(5), SL(6, R)/SO(6) and SL(8, R)/SO(8) submanifolds of the
full scalar cosets of the maximal supergravities [13] have been fully demonstrated [14].
It is significant that all these examples involve reductions on spheres. At the linearised
2A group-theoretic argument has been used in [7, 10] in order to prove that an n-sphere reduction of a
theory of gravity plus dilaton plus n-form field strength that retained all the SO(n+1) Yang-Mills fields in
a massless truncation could not be consistent except in the exceptional cases listed above.
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level there is no reason why one should not consider also reductions on internal spaces
of other topologies. Examples that have been considered in the past include the Einstein
spaces contructed as U(1) bundles over CP 2×S2 and S2timesS2×S2, as compactifications
of eleven-dimensionsal supergravity, and U(1) bundles over S2 × S2, as compactifications
of type IIB supergravity. The first two examples were first discussed in detail in [15, 16],
where they were constructed as the coset spaces Mpqr = SU(3)× SU(2)× U(1)/(SU(2) ×
U(1) × U(1) and Qpqr = SU(2)3/(U(1) × U(1)) respectively, and the linearised massless
spectra were obtained. They were subsequently reconstructed from the viewpoint of U(1)
bundles over CP 2×S2 and S2×S2×S2 respectively, in [19, 20], where a stability analysis
was also given. The complete massive spectrum was obtained in a linearised analysis in
[17, 18, 21, 22]. The five-dimensional example, the U(1) bundle over S2×S2, was discussed
from the AdS/CFT viewpoint in [23], and in a field-theoretic context in [24]. The full
Klauza-Klein spectrum was obtained in [25], and its matching with the conformal operators
of the dual CFT was obtained.
Amongst the lower-dimensional massless fields that would result from reductions such
as these will be Yang-Mills gauge bosons with gauge group given by the isometry group
of the internal space. One may wonder whether a consistent truncation that includes the
Yang-Mills gauge fields is possible in these more general reductions too, or whether it is a
special feature of the spherical spaces that ensures the consistency.
Some results on certain of these more general reductions were obtained in previous
studies. In this paper, we shall address the question in a slightly broader context. The
conclusions will be similar to those reached in the previous cases, namely that in general
the reductions on non-spherical internal spaces do not allow consistent truncations to the
massless sector, even in those exceptional and remarkable theories where consistent sphere
reductions are possible. In fact it is much easier to demonstrate the inconsistency of an
inconsistent truncation than to prove the consistency of a consistent one. As was discussed in
[26], when there are inconsistencies they tend to show up in relatively easily-studied sectors
of the theory, at the level of cubic interaction terms in the Lagrangian. In this paper we
shall be considering a specific type of cubic interaction, namely terms that are bilinear in
the lower-dimensional gauge fields, and that couple to lower-dimensional linearised spin-2
fields. This sector provides a necessary condition for consistency of a truncation; in general
it turns out that the bilinears in gauge fields can act as sources for massive as well as
massless spin-2 excitations. If this happens, then setting the massive spin-2 fields to zero
is inconsistent with the higher-dimensional equations of motion, and so the reduction is
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established to be an inconsistent one. We derive this condition in section 2.
As we shall discuss, the absence or presence of these kinds of trilinear couplings is
governed by whether or not the Killing vectors on the internal space satisfy a certain
quadratic identity. We shall show that although the full set of SO(n+1) Killing vectors on
the sphere Sn do indeed satisfy the identity, implying no inconsistency in this sector, the
full sets of Killing vectors in the case of other internal manifolds do not. In particular, we
shall show by this means that for the 5-dimensional space Q(1, 1) (sometimes called T 11),
which can be described as a U(1) bundle over S2 × S2, only the Killing vector of the U(1)
factor in its U(1)×SU(2)×SU(2) isometry group satisfies the consistency condition. Thus
in a reduction of type IIB supergravity on the Q(1, 1) space, only the U(1) gauge field of the
N = 2 supergravity multiplet can be consistently retained in a massless truncation, whilst
the SU2)× SU(2) gauge fields of the matter multiplets must be set to zero.
In order to demonstrate that the SU(2) × SU(2) Killing vectors of the Q(1, 1) space
fail to satisfy the consistency criterion, it is helpful to obtain an explicit construction for
them. Motivated by this, we have undertaken a rather more general investigation of the
construction of Killing vectors in spaces of this kind. The base space S2 × S2 in the
construction of Q(1, 1) as a U(1) bundle is Ka¨hler , and in fact in this specific case it itself
is an Einstein space. More generally, one can consider the U(1) bundle spaces over any
Einstein-Ka¨hler base space, or over a product of Einstein-Ka¨hler spaces. Other relevant
examples of this kind are the 7-dimensional M(3, 2) and Q(1, 1, 1) spaces that have been
used in compactifications of D = 11 supergravity [15, 16]. These arise, respectively, as U(1)
bundles over CP 2×S2 and over S2×S2×S2 [19, 20]. In all the cases, the curvature of the
U(1) connection is proportional to the sum of the Ka¨hler forms on the factors in the base
space.
Intuitively, one expects that if the base space has an isometry group G, and the curvature
of the U(1) bundle is invariant under G, then the isometry group of the bundle space should
be at least U(1)×G. In section 3 we show how to make this precise, and we obtain explicit
formulae that allow one to “lift” the Killing vectors of the base space to Killing vectors in
the bundle space. The situation is especially nice if the base space is Einstein-Ka¨hler , or
else a product of Einstein-Ka¨hler spaces, and we show how one can then express the Killing
vectors of the base, and hence of the bundle space, in terms of certain scalar harmonics on
the Einstein-Ka¨hler factors in the base space.
In section 4 we specialise the discussion to the case where the Einstein-Ka¨hler manifolds
Mi in the product base space M =M1×M2×MN are taken to be Mi = CPni . We denote
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the corresponding bundle spaces by Qq1q2···qNn1n2···nN , where qi is the winding number of the U(1)
fibre over the factor Mi = CP
ni in the product base manifold. The three examples Q(1, 1),
M(3, 2) and Q(1, 1, 1) described above are special cases within this general class, namely
Q1111, Q
32
21 and Q
111
111 respectively. We give an explicit construction of the SU(n + 1) Killing
vectors of CPn in terms of certain scalar harmonics. Using this construction and the results
from section 3, we are able to lift all the Killing vectors of the product base manifold for
Qq1q2···qNn1n2···nN into the total bundle space, thereby exhibiting its U(1)×
∏
i SU(ni+1) isometry
group.
We prove also that all the U(1) bundle spaces Qq1q2···qNn1n2···nN admit Einstein metrics of
positive Ricci curvature, for all possible choices of the winding numbers qi, provided only
that they do not all vanish. In addition we show that when all the qi are given by qi = ni+1,
the Einstein metric admits 2 Killing spinors.
In section 5 we make use of some of the general results from sections 3 and 4, to
show explicitly that the Killing vectors in the SU(ni + 1) factors in spaces such Q
11
11, Q
32
21
and Q111111 do not satisfy the consistency criterion for the Kaluza-Klein reductions. These
results support the suggestion, made in [27], that only the massless fields in the supergravity
multiplet, as opposed to any massless matter multiplets, can be consistently retained in a
Kaluza-Klein reduction using a curved internal space. Thus the reason why spheres work
so well in Kaluza-Klein supergravity reductions is because they maximise the number of
Killing spinors, and thus their supergravity multiplets are larger than those for any other
choice of compactifying space. More generally, in section 5, we analyse the analogue of the
consistency condition for bundle spaces of arbitrary dimension, and we show that always
the Killing vectors associated with the isometries of the base manifold, when it is a product
of two or more complex projective spaces, do not satisfy the consistency condition. Two
appendices contain some further general results, including an iterative construction of real
metrics on CPn, and a detailed analysis of certain bounds on integrals involving the scalar
eigenfunctions on CPn, which are needed for the results in section 5.
2 Consistency conditions on Killing vectors in Kaluza-Klein
reductions
In this section, we shall focus principally on the Kaluza-Klein reduction of type IIB su-
pergravity on a 5-dimensional internal space M5. Analogous results have previously been
obtained for reductions of D = 11 supergravity [28], and we shall mention these briefly at
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the end of the section.
Since our goal will be to derive a necessary condition for the consistency of the reduction,
with a view to showing that the condition is not in fact satisfied except in very special
circumstances, it will be sufficient to carry out an analysis that is based on a linearised
approximation. Thus we shall consider a situation whereM5 is an Einstein space of positive
Ricci curvature, and we shall consider small fluctuations around the AdS5 ×M5 Freund-
Rubin background. In particular, we shall consider the Yang-Mills gauge bosons associated
with the isometry group G of the internal space M5.
Although we shall consider only the linearised ansatz for the gauge bosons this will
actually enable us to consider the effects of non-linear terms in theory, and in particular to
show that bilinears in the gauge fields will in general act as sources for massive spin-2 fields.
The reason why we can use a linearised ansatz for this purpose is that gauge invariance
ensures that there can be no additional contributions from a full non-linear reduction ansatz
that could “help out” and resolve the consistency problems that we shall be able to reveal.
Thus, since our goal is only to prove inconsistency, not consistency, the analysis presented
here will be sufficient.3
The fields of the type IIB theory that are relevant for this discussion are the metric tensor
GˆMN and the self-dual 5-form field strength Hˆ5, which we may write as Hˆ5 = Gˆ5 + ∗ˆGˆ5.
The type IIB equations of motion for these fields are then
RˆMN =
1
96
HˆMPQRSHˆN
PQRS ,
dHˆ5 = d ∗ Hˆ5 = 0 . (2.1)
The Freund-Rubin AdS5×M5 ground-state solution is then obtained by setting Gˆ5 = 4mǫ5,
where ǫ5 is the spacetime volume form and m is a constant. The equations of motion are
then satisfied if the Ricci tensors in the five-dimensional spacetime and the internal space
M5 satisfy
Rµν = −4m2 gµν , and Rmn = 4m2 gmn (2.2)
3Note that we shall ignore the contributions of other five-dimensional fields, including the scalar fields, in
this discussion. Truncating out these fields, while keeping the Yang-Mills gauge fields, is itself an inconsistent
procedure, since the Yang-Mills fields would in principle act as sources for them. The point is, though, that
these are quite distinct and separate inconsistencies, which would show up in different sectors of the theory.
By focusing, as we shall, on the five-dimensional spacetime components of the ten-dimensional Einstein
equation we shall be able to isolate a particular inconsistency that is independent of the neglect of the other
fields. In other words, including the other fields in the ansatz would not help to resolve the inconsistency
that we shall exhibit.
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respectively. Thus we may take the spacetime metric to be AdS5 with cosmological constant
−4m2, andM5 to be any 5-dimensional Einstein space with positive cosmological constant4
4m2.
We may now consider the contributions of the five-dimensional Yang-Mills gauged bosons
in the ansa¨tze for the ten-dimensional metric and 5-form field strength, at the leading-order
linearised level. For the metric, this will be
dsˆ2 = eαeβηαβ + (e
a −KIaAI)(eb −KJbAJ) δab, (2.3)
where eα = eα(x) is the vielbein in the d = 5 spacetime, ea = ea(y) is the vielbein in the
internal space, KIa = KIa(y) = KIm(y) em
a(y) are the orthonormal components of the
Killing vectors which generate the isometry group G of the internal space M5, and AI =
AI(x) = eα(x)AIα(x) are the Yang-Mills vector potentials of the Kaluza-Klein reduction.
The Killing vectors satisfy
[KI ,KJ ] = f IJK K
K , (2.4)
where f IJK are the structure constants of G. The Yang-Mills field strengths F
I = 12F
I
αβe
α∧
eβ are given by
F I = dAI + 12f
IJKAJ ∧AK . (2.5)
In an orthonormal basis eˆA for dsˆ2 we find that the Ricci tensor given by
Rˆαβ = Rαβ − 12KIaKJaF IαγF Jβ
γ
,
Rˆab = Rab +
1
4
KIaK
J
bF
I
αβF
Jαβ ,
Rˆαb = Rˆbα = −12KIb(DβF Iα
β
), (2.6)
where Dγ is the Yang-Mills gauge-covariant derivative,
DγF
I
αβ = ∇γ F Iαβ + f IJKAIγFKαβ . (2.7)
The curvature scalar is
Rˆ = R(5) +R(M) −
1
4
KIaK
JaF IαβF
Jαβ, (2.8)
where R(5) and R(M) are the curvature scalars in spacetime and the internal space M
respectively.
4We shall adopt the convention throughout this paper of referring to the constant of proportionality
Λ in the relation Rab = Λ gab on an Einstein space as the cosmological constant. It sometimes differs
by a dimension-dependent factor from other terminologies in the literature, but this one has the merit of
simplicity.
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The gauge fields also enter in the linearised ansatz for the 5-form field strength [29], as
follows:
Gˆ5 = 4mǫ5 − 1
m
∗ F I ∧ dKI . (2.9)
Substituting (2.6), (2.8) and (2.9) into (2.1) we find that the five-dimensional spacetime
components of the ten-dimensional Einstein equation in (2.1) are given by
Rµν − 12gµν(R(5) +R(M)) = 12(F IµρF J
ρ
ν −
1
4
gµνF
I
σρF
Jσρ)Y IJ , (2.10)
where
Y IJ = Y (KI ,KJ) ≡ KImKJm + 1
2m2
∇mKIn∇mKJn. (2.11)
The possibility of an inconsistency in the Kaluza-Klein reduction becomes apparent
from equation (2.10). The left-hand side is independent of the coordinates y on the internal
space M5, while the right-hand side is in general y-dependent, since the Killing appearing
in Y IJ are in general y-dependent. If the right-hand side does have y-dependence then this
is an indication that the assumption that only the massless spin-2 field (the five-dimensional
spacetime metric) could be retained in the truncation is an invalid one. One can interpret
any y-dependence on the right-hand side as indicating that there are bilinear terms, built
from the Yang-Mills field strengths, that would act as sources for massive spin-2 fields.
Thus it would be inconsistent to make a truncation where the massless gauge bosons are
retained, while the massive spin-2 fields are set to zero.
By contrast, this inconsistency problem would be evaded if the quantity YIJ defined in
(2.11) happened to be independent of y. In such a case one could, by taking appropriate
linear combinations of the Killing vectors, arrange that
Y IJ = β δIJ , (2.12)
where β is a constant. In this circumstance, (2.10) would become precisely the desired
five-dimensional Einstein equation, with the right-hand side being the energy-momentum
tensor of the Yang-Mills fields.
Remarkably, all the Killing vectors on the round 5-sphere do satisfy the condition (2.12),
thus providing strong evidence for the probable consistency of the S5 reduction of type IIB
supergravity. On the other hand, it seems that for any other Einstein space M5 with
positive cosmological constant, the Killing vectors do not in general satisfy the condition
(2.12), and thus in these cases a consistent massless truncation in which all the Yang-Mills
gauge bosons are retained is not possible.
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Note that there is an analogous criterion for the consistency of reductions of D = 11
supergravity. This was derived for compactifications on seven-dimensional Einstein spaces
in [28], and takes the identical form (2.11) where the Ricci tensor on the internal seven-
dimensional space is given by Rmn = 6m
2 gmn. Similarly, the analogous consistency condi-
tion will arise for reductions of D = 11 supergravity on four-dimensional internal spaces,
and indeed for any of the cases where consistent sphere reductions are known to be possi-
ble. A detailed enumeration of these cases is given in [10]. In fact in general one can show
that for any round sphere Sn with Rmn = (n − 1)m2 gmn, the condition (2.12) is satisfied
by all the SO(n + 1) Killing vectors. (This does not necessarily mean that a consistnet
Kaluza-Klein reduction on Sn is possible, though.)
It is worth pausing here to emphasise that although we have derived the consistency
condition that (2.11) must be constant by means of a consideration only of the linearised
ansatz for the Kaluza-Klein reduction of the gauged fields, the result is a completely general
one. The reason for this is discussed in detail in [26]). The crucial point is the following. If
(2.11) is y-dependent, this shows that in a complete Kaluza-Klein reduction in which all the
massive as well as massless fields were retained, there would be trilinear couplings involving
one power of a heavy spin-2 field, say HIJµν , coupling to the bilinear source term quadratic
in gauge fields F Iµρ on the right-hand side of (2.10):
Lint = HIJµν (F IµρF Jρν −
1
4
gµνF
I
σρF
Jσρ) . (2.13)
Now, the masses of all the lower-dimensional massive fields are acquired through a Higgs
mechanism, and so it follows that the original gauge invariances must remain unbroken. In
consequence, the lower-dimensional massive spin-2 field HIJµν must have a gauge invariance,
implying that the source-current that couples to it must be conserved [26]. Indeed, from
an order-by-order analysis it follows that the bilinear current must be conserved by virtue
of the free field equations. The bilinear current
(F IµρF
Jρ
ν −
1
4
gµνF
I
σρF
Jσρ) (2.14)
appearing in (2.13) is the unique one with this property, and so it is not possible for it
to receive any corrections as a result of including higher-order non-linear terms in the
reduction ansatz. Thus there is no possibility that the inconsistency we are highlighting
could “disappear” in a more complete higher-order analysis. If the quantity (2.11) turns
out to be y-dependent, then no consistent Kaluza-Klein reduction in which the associated
gauge fields are retained is possible.
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In order to proceed with our discussion, it is now necessary to study in detail the Killing
vectors on the internal space. We shall give a rather general discussion, which encompasses
many of the compactifications of type IIB supergravity and eleven-dimensional supergravity
as special cases. Later, in section 5, we shall apply these results to study the consistency
of the Kaluza-Klein reductions.
3 Construction of Killing vectors on the internal space
3.1 Killing vectors on U(1) bundles
Consider a D-dimensional manifold with a group G of isometries. Suppose that there exists
a U(1) connection on M whose curvature is invariant under the isometry group G. One
then expects that the natural metric on the (D + 1)-dimensional bundle space with U(1)
fibers corresponding to this G-invariant U(1) connection should contain G × U(1) in its
isometry group.5
To see that this is indeed the case, suppose that the metric on the base manifold is ds2,
and that the invariant U(1) connection is A. The natural metric on the (n+1)-dimensional
bundle space is then taken to be
dsˆ2 = c2(dz −A)2 + ds2 , (3.1)
where c is a constant, and z is the coordinate on the U(1) fibre. (From this point on, we
adopt the convention that quantities with hats refer to the total bundle space Mˆ , while
quantities without hats refer to the base spaceM . We shall use indices m,n, . . . in the total
bundle space Mˆ , and indices a, b, . . . in the base space M .) In the obvious orthonormal
frame, the Riemann tensor for dsˆ2 has components
Rˆabcd = Rabcd − 14c2 (Fac Fbd − Fad Fbc + 2Fab Fcd) ,
Rˆzazb =
1
4c
2 Fa
c Fbc , (3.2)
Rˆabcz =
1
2c∇c Fab ,
where Rabcd is the Riemann tensor of the metric ds
2 on the base manifold.
5Generically, this will be the full isometry group of the bundle space, but in special cases it could be a
larger group containing G × U(1) as a subgroup. An example is when the base manifold is CPn, and the
bundle space is the sphere S2n+1. If the length of the U(1) fibres is chosen so as to give the “round” sphere,
then the generic SU(n+ 1)× U(1) isometry group in the bundle enlarges to SO(2n + 2).
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From (3.2) it follows that the components of the Ricci tensor for dsˆ2 are
Rˆab = Rab − 12c2 Fac Fbc ,
Rˆzz =
1
4c
2 F ab Fab , (3.3)
Rˆaz = −12c∇b Fab ,
where Rab is the Ricci tensor on the base manifold.
We now make the following ansatz in order to lift a Killing vector K on the base manifold
M to a Killing vector Kˆ on the total bundle space Mˆ :
Kˆ = K + h∂z , (3.4)
where h is a function to be determined. By substituting our ansatz (3.4) into the Killing
equation of the bundle space:
∇ˆm Kˆn + ∇ˆn Kˆm = 0 , (3.5)
we find that Kˆ is a Killing vector on the bundle space provided that h satisfies the following
two equations:
∂ah = LK Aa , (3.6)
∂zh = 0 , (3.7)
where LK Aa is the Lie derivative, defined by
LK Aa ≡ Kb ∂bAa +Ab ∂aKb = Kb∇bAa +Ab∇aKb . (3.8)
Equation (3.6) can be rewritten in terms of the field strength F = dA as
∂ah = K
b Fba + ∂a(K
bAb) . (3.9)
It is easy to see that the two equations (3.9) and (3.7) always admit a solution, provided
that F is invariant under the action of the Killing symmetry generated by K. Clearly (3.7)
is nothing more than the statement that h is independent of the fibre coordinate z. The
integrability condition for solving (3.9) for h is that the right-hand side should be expressible
as the gradient of a scalar. Since the second term is already a gradient, this means that we
must just show that ∇c(Kb Fba)−∇a(Kb Fbc) = 0. Calculating this expression, we find
∇c(Kb Fba)−∇a(Kb Fbc) = −Kb∇b Fac − Fab∇cKb − Fbc∇aKb , (3.10)
which is nothing but the Lie derivative LK Fca. This vanishes precisely by virtue of the
assumption that F is invariant under the Killing symmetry.
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The above argument establishes that every Killing vector on the base manifold lifts to
one in the total bundle space. In addition to these Killing vectors of the isometry group
G of the base manifold, there will also be the U(1) Killing vector ∂/∂z on the U(1) fibres.
Thus the isometry group of the total bundle space will be at least G× U(1).
We are interested in obtaining an explicit construction of the Killing vectors in certain
Einstein spaces that can be used for Kaluza-Klein reduction, in order to test the consistency
as described in section 2. In all the examples that we shall consider, the Einstein space can
be constructed as a U(1) bundle over a Ka¨hler base manifold. More specifically, in all cases
of interest this Ka¨hler space will itself be a direct product of Einstein-Ka¨hler spaces. The
additional structure of the Ka¨hler spaces allows us to obtain more explicit constructions for
the Killing vectors in the bundle space.
3.2 Killing vectors on Ka¨hler spaces and their U(1) bundle spaces
We begin with a review of some basic properties of Killing vectors and Ka¨hler spaces.
Consider a compact Ka¨hler manifold M equipped with a positive definite metric gab, and
a Ka¨hler form Jab. We are interested in the case where M has continuous isometries, and
hence admits Killing vectors. It follows from the defining equation ∇aKb +∇bKa = 0 for
a Killing vector that
Ka +RabK
b = 0 . (3.11)
Multiplying by Ka, integrating over M , and integrating by parts, gives∫
M
(−|∇aKb|2 +RabKaKb) = 0 , (3.12)
where |∇aKb|2 means (∇aKb)(∇aKb). The metric is positive-definite, and so from (3.12)
we deduce that for Killing vectors to exist, there must be appropriate non-negative con-
tributions from the Ricci-tensor term. In fact we are interested in the case where Rab is
positive definite.
Another consequence that follows from the positivity of the Ricci tensor is that the first
Betti number b1 of the Ka¨hler space must be zero. This follows from an argument precisely
paralleling the one above concerned with the possibility of the existence of Killing vectors.
A harmonic 1-form Ha satisfies the equation − Ha +RabHb = 0. By multiplying by Ha,
integrating over M , and integrating by parts on the first term, we see that there can be
no harmonic 1-forms if the Ricci tensor is positive definite. Since we shall be considering
spaces that have strictly positive-definite Ricci tensors, it follows that they will have b1 = 0,
and admit no harmonic 1-forms.
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Consider now the vector V a, constructed from the Killing vector Ka as follows:
V a ≡ JabKb . (3.13)
Our first goal will be to show that V a can be written as the gradient of a scalar function.
To prove this, define
Qab ≡ ∇a Vb −∇b Va . (3.14)
It follows that
|Qab|2 = (∇a Vb −∇b Va)(∇a V b −∇b V a) ,
= 2(∇aKb)(∇aKb)− 2Jad Jcb (∇aKb)(∇cKd) . (3.15)
Integrating this over M , and integrating by parts on each term, we obtain∫
M
|Qab|2 = −2
∫
M
Ka Ka + 2
∫
M
Jad JcbKb∇a∇cKd ,
= −2
∫
M
Ka Ka + 2
∫
M
Jad JcbKbR
e
acdKe ,
= −2
∫
M
Ka( Ka +RabK
b) ,
= 0 , (3.16)
where we have used the standard Killing-vector identity ∇a∇cKd = ReacdKe in reaching
the second line, and the standard Ka¨hler identity Rabcd = Jc
e Jd
f Rabef in reaching the third
line. The final result follows from using (3.11). Thus we conclude that Qab = 0, and hence
that Va, viewed as a 1-form, is closed; dV = 0. Locally, therefore, we can write V = −dψ.
As we discussed previously, we shall be interested in Ka¨hler spaces with positive-definite
Ricci tensor, and such spaces have vanishing first Betti number. Since there are no harmonic
1-forms in such spaces, it follows that dV = 0 can be solved globally by writing V = −dψ.
In other words, we have the result that on a Ka¨hler space with vanishing first Betti number,
any Killing vector can be written as
Ka = Jab ∂bψ , (3.17)
for some scalar ψ.
This scalar ψ has a clear interpretation if we impose that our Ka¨hler space is also an
Einstein space, Rab = Λgab, where Λ is the “cosmological constant” on M . Then (3.11)
reduces to
Ka + ΛKa = 0 . (3.18)
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It is now straightforward to see, by substituting (3.17) into (3.18), that this scalar field is
actually an eigenfunction of the Laplacian on M , − ψ = λψ, with
ψ + 2Λψ = 0 . (3.19)
Moreover, the implication goes in the other direction as well. In other words, if ψ is an
eigenfunction of the scalar Laplacian, satisfying (3.19), thenKa defined by (3.17) is a Killing
vector. To see this, we define Pab ≡ ∇aKb +∇bKa. Substituting (3.17) into this, writing∫ |P |2, and then performing appropriate integrations by parts, we find that∫
M
|Pab|2 = 2(λ− 2Λ)
∫
M
|∇aψ|2 . (3.20)
(Again, standard results from Ka¨hler geometry are needed in intermediate steps.) Thus if
the scalar eigenfunction ψ has eigenvalue λ = 2Λ, it follows that Pab = 0 and hence that
Ka constructed as in (3.17) is a Killing vector.
Thus we see that there is a one-to-one correspondence between Killing vectors, and
scalar eigenfunctions with eigenvalue λ = 2Λ, where Λ is the cosmological constant of the
Einstein-Ka¨hler space.
Using (3.17), we can now obtain explicit expressions for the Killing vectors on the space
of the U(1) bundle over an Einstein-Ka¨hler base space, where the curvature of the U(1)
connection is taken to be proportional to the Ka¨hler form. Taking the Einstein-Ka¨hler
base metric to have cosmological constant Λ as above, and taking the field strength of the
connection A on the U(1) bundle to be F = αJ , where α is a constant, it follows from (3.3)
that the Ricci tensor on the bundle space will be given by
Rˆab = (Λ− 12c2 α2) δab , Rˆzz = 14c2 α2D, Rˆaz = 0 , (3.21)
where D is the dimension of the base manifold. In particular, the metric on the U(1) bundle
becomes Einstein if a is chosen such that
Λ = 14c
2 α2 (D + 2) . (3.22)
Substituting (3.17) into (3.9), we now obtain the result that
∂a h = ∂a (αψ +K
bAb) , (3.23)
which can be integrated to give h = αψ + KbAb. Thus for each Killing vector K on the
Einstein-Ka¨hler base space, with its associated scalar ψ as given in (3.17), the corresponding
Killing vector in the U(1) bundle space is
Kˆ = K + (αψ +KbAb)
∂
∂z
. (3.24)
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It is worth noting at this stage that there is an elegant expression for the Killing vector
Kˆ, viewed as a 1-form by lowering its vector index using the metric (3.1) on the bundle
space. After doing this, we find that as a 1-form we have
Kˆ = −i (∂ − ∂¯)ψ + α c2 ψ (dz −A) , (3.25)
where ∂ and ∂¯ are the holomorphic and anti-holomorphic exterior derivatives; d = ∂ + ∂¯ =
dζα ∂α + dζ¯
α¯ ∂α¯.
Note that in the case of an Einstein-Ka¨hler base space we can easily express ψ in terms
of the Killing vector Ka, since from (3.17) we have Jab ∂aKb = − ψ, and hence from
(3.19) we shall have
ψ =
1
2Λ
Jab ∂aKb . (3.26)
3.3 Killing vectors on a product of Ka¨hler spaces and their U(1) bundles
In subsequent sections, we shall be interested in constructing Killing vectors on U(1) bundles
over products of 2-spheres and more generally complex projective spaces CP n. These are
are particular examples of Einstein-Ka¨hler spaces. In this section, we shall give results for
the construction of Killing vectors on U(1) bundles over the direct product of N Einstein-
Ka¨hler spaces Mi, of real dimensions di, i.e. M = M1 ×M2 × · · · ×MN , with total real
dimension
D =
N∑
i=1
di . (3.27)
The metric on the bundle space will be given by
dsˆ2 = c2 (dz −A)2 +
N∑
i=1
ds2i , (3.28)
where ds2i is the Einstein-Ka¨hler metric on the factorMi in the base space, with cosmological
constant Λi. The total connection A is equal to the sum of contributions from each factor,
A =
∑
iA
(i).
Since the base space is a direct product, we can choose the natural block-diagonal basis
for its Killing vectors, where there is no mixing between the isometries of each factor in
the product. Thus if K(i) is a Killing vector on Mi then it is also a Killing vector on M ,
and vice versa. If we use ai to denote a coordinate index on Mi, then this result follows by
combining the Killing equation ∇ai Kbi + ∇bi Kai = 0 on Mi, with the fact that the K(i)
are covariantly constant with respect to ∇bj for j 6= i.
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This fact allows us to use the results of the previous section to express any of these
Killing vectors K(i) on M as
Kai = Jaibi ∂biψ
(i) , , (3.29)
where ψ(i) is the corresponding scalar eigenfunction of the Laplacian on Mi with eigenvalue
2Λi, and Jaibi are the components of the Ka¨hler form on Mi. From the results in the
previous section, it then follows that the corresponding Killing vector in the bundle space
will be
Kˆ(i) = K(i) + (αi ψ
(i) +Kbi Abi)
∂
∂z
, (3.30)
where Aai is the contribution to A from the factor Mi in the base space, A =
∑
iA
(i), and
we are taking
F = dA =
∑
i
αi J
(i) , (3.31)
where J (i) is the Ka¨hler form on Mi.
We may again obtain an elegant expression for the Killing vector viewed as a 1-form,
generalising (3.25):
Kˆ(i) = −i (∂ − ∂¯)ψ(i) + αi c2 ψ(i) (dz −A) . (3.32)
The period ∆z of the fibre coordinate z must be compatible with the integrals of F over
all 2-cycles in the base manifold. Specifically, we must have
∆z =
1
qk
∫
Σk
F , (3.33)
where qk is an integer and Σk is any 2-cycle in the base space. We are taking each factor Mi
in the base space to be Einstein-Ka¨hler , with cosmological constant Λi, and so it follows
that the Ricci form P (i) in Mi is given by P
(i) = Λi J
(i). Since 1/(2π)P (i) defines the first
Chern class of Mi, it follows that 1/(2π)
∫
P (i) = integer, where the integral is taken over
any 2-cycle in Mi, whilst the integral will be zero for any 2-cycle in Mj with j 6= i. If we
define ki to be the greatest common divisor of the integers obtained by integrating P
(i) over
all possible 2-cycles in Mi, then it follows from (3.33) that z must have a period such that
∆z =
2π αi ki
Λi qi
, (3.34)
for all i, where the qi are integers. Thus we must have
αi =
bΛi qi
ki
, (3.35)
where b is related to the period ∆z by b = ∆z/(2π), and it is a constant independent of i.
Since we have also included the constant c in (3.1), we are free to choose b at will, to give z
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a convenient period. The integers qi can be thought of as the winding numbers of the U(1)
bundle over each factor Mi in the product base manifold.
Note that it one wants the total U(1) bundle space to be Einstein, with cosmological
constant Λˆ, then it follows from (3.3) that we must have
Λˆ = Λi − 12c2 α2i , for all i , (3.36)
Λˆ = 14c
2
∑
i
di α
2
i , (3.37)
where di is the dimension of the manifold Mi, and αi is given by (3.35). To solve these
equations, one can view Λˆ and the winding numbers qi as freely-specifiable quantities, with
the N equations (3.36) then being solved for the individual cosmological constants Λi of the
factors in the base space, and (3.37) being solved for the scale factor c in fibre direction of
the metric (3.28) on the bundle space. As we shall now show, one can always solve these
equations for the Λi and c, for any choice of the integers qi, provided that they are not all
zero.6
To see this, we substitute (3.35) into (3.36), and note that for each i the equation allows
a real solution for Λi only if
c2 α2i ≤
Λ2i
2Λˆ
. (3.38)
Summing over i, and using (3.37) then gives
Λˆ2 ≤ 18
∑
i
di Λ
2
i . (3.39)
On the other hand, combining (3.36) and (3.37) we have
Λˆ =
1
D + 2
∑
i
di Λi . (3.40)
Combining (3.39) and (3.40) then gives the result
(D + 2)2
∑
i
di Λ
2
i − 8
∑
i,j
di dj Λi Λj ≥ 0 . (3.41)
This is the criterion for the existence of a real Einstein space. Since it is just a quadratic
form in Λi, it can be expressed as the condition that the N ×N matrix Mij , defined by
Mij = (D + 2) di δij − 8di dj , (3.42)
6If some of the qi are zero, we can just separate off the corresponding Einstein spaces Mi in the base
space, and prove the existence of an Einstein metric on the bundle over the remaining base-space factors for
which all the qi are non-zero. The product of this bundle space with the Einstein spaces associated with the
qi = 0 factors can clearly be made Einstein, by appropriate choice of the Λi. If all the qi were zero the U(1)
bundle would be trivial and the total (D+ 1)-dimensional space would be S1 ×M , which clearly cannot be
Einstein since the factors in the base space M are assumed to have strictly-positive cosmological constants.
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must have non-negative eigenvalues.
To show this, we first note that the matrix Mij has determinant given by
det(Mij) = (D − 2)2 (D + 2)2N−2
∏
i
di , (3.43)
which is strictly positive, since we may always assume D > 2.7
Secondly, we note that if the dimensions di are all taken to be equal, di = d, then the
eigenvalues of Mij are (D + 2)
2 d (occurring N − 1 times) and (D − 2)2 d (occurring once).
Thus in this special case all the eigenvalues of Mij are strictly positive. If Mij were to have
any negative values for any valid choice of the di, it would have to be the case that det(Mij)
passed through 0 as the parameters di were adjusted from di = d to these putative values of
di. However, we saw from (3.43) that the determinant is strictly positive, and so it follows
that Mij cannot have negative eigenvalues for any valid choice of di. Thus it is guaranteed
that the inequality (3.41) is satisfied, and so a real solution to the conditions (3.36) and
(3.37) always exists.
Although we have given an existence proof for an Einstein metric on the bundle spaces
for any choice of the winding numbers qi, it is not in general easy to solve explicitly for the
cosmological constants Λi of the individual factors in the base space. (In general, one has to
solve high-order polynomial equations.) However, a simple solution of (3.36) and (3.37) can
always be explicitly obtained in the special case where we choose the winding numbers qi to
be such that qi = ki/ℓ, where ℓ = gcd (ki) is the greatest common divisor of the ki. In this
case, from (3.36) we see that this set of N equations, labelled by i, all become equivalent.
Therefore, defining Λ ≡ Λi and α ≡ αi, we have
Λ =
D + 2
D
Λˆ , (3.44)
and
c2 α2 =
4
D + 2
Λ , (3.45)
where D is the total dimension of the base manifold. Combining (3.35) and (3.45) it follows
that the parameters of the metric satisfy the relation
Λ b2 c2 =
4ℓ2
D + 2
. (3.46)
Note that since in this special case we have all the Λi equal, the product of Einstein-Ka¨hler
base spaces is itself an Einstein space. This situation with qi = ki/ℓ will be seen to be of
7The case where the total dimension D of the base space is equal to 2 can easily be disposed of in a
separate discussion. The only possibility would be for the base space to be S2, and we already know that
the U(1) bundle over this is S3, which admits an Einstein metric.
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particular significance in the next section, when we take the factors in the product base space
all to be complex projective spaces. It turns out that the Einstein spaces with qi = ki/ℓ
then all admit 2 Killing spinors.
4 Products of CP n spaces, and their U(1) bundles
4.1 Geometry of CP n, and its Killing vectors
We begin by reviewing the Fubini-Study construction of the Einstein-Ka¨hler metric on CPn.
Let ZA be complex coordinates on Cn+1, with the flat metric
ds22n+2 = dZ
A dZ¯A . (4.1)
We shall split the index A into A = (0, α), where 1 ≤ α ≤ n, and introduce inhomogeneous
coordinates ζα = Zα/Z0, in the patch where Z0 6= 0. We make the further definitions
Z0 = eiτ |Z0| , r =
√
ZA Z¯A , f = 1 + ζ
α ζ¯ α¯ . (4.2)
Substituting into (4.1), we find that the flat metric on Cn+1 becomes
ds22n+2 = dr
2 + r2 dΩ22n+1 , (4.3)
where dΩ22n+1 is the metric on the unit sphere S
2n+1, given by
dΩ22n+1 = (dτ +B)
2 + f−1 dζα dζ¯ α¯ − f−2 ζ¯ α¯ ζβ dζα dζ¯ β¯ , (4.4)
where
B = 12 i f
−1 (ζα dζ¯ α¯ − ζ¯ α¯ dζα) . (4.5)
The metric (4.4) is the unit S2n+1 described as a U(1) bundle over CPn, and the last two
terms are precisely the Fubini-Study metric dΣ2n on CP
n:
dΣ2n = f
−1 dζα dζ¯ α¯ − f−2 ζ¯ α¯ ζβ dζα dζ¯ β¯ , (4.6)
and so
dΩ22n+1 = (dτ +B)
2 + dΣ2n . (4.7)
The quantity B defined in (4.5) is a potential for the Ka¨hler form, with
J = dB = if−1 dζα ∧ dζ¯ α¯ + i f−2 ζ¯ α¯ ζβ dζα ∧ dζ¯ β¯ , (4.8)
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which is the Ka¨hler form. This can be written as J = i gαβ¯ dζ
α ∧ dζ¯ β¯, where the metric gαβ¯
and its inverse gαβ¯ are given by
gαβ¯ =
1
2f
−1 δαβ¯ − 12f−2 ζ¯ α¯ ζβ , gαβ¯ = 2f δαβ¯ + 2f ζα ζ¯ β¯ . (4.9)
The Fubini-Study metric (4.6) is Einstein, with cosmological constant
Λ = 2(n+ 1) . (4.10)
We shall refer to the Fubini-Study metric (4.6) with this specific normalisation for the
cosmological constant as the “unit CP n metric,” since it is the one that corresponds to the
Hopf fibration of the unit (2n+1)-sphere. Note that CPn has the isometry group SU(n+1),
which can be seen from the fact that the metric (4.1) and the coordinate r are both invariant
under SU(n+ 1), acting by matrix multiplication on the column vector ZA.
Since we eventually want to be able to construct Killing vectors on U(1) bundles over
products of CPn spaces, we need to find the eigenfunctions of the scalar Laplacian on
CP n with eigenvalue 2Λ, as discussed in section (3.2). In fact the construction of all scalar
eigenfunctions on CPn is very simple. Let TA1···Ap
B1···Bq be a constant Hermitean SU(n+1)
tensor, which is symmetric in the index set {A1, . . . , Ap} and the index set {B1, . . . , Bq},
and traceless in any contraction between an A and a B index. This defines the (p, q)
representation of SU(n+ 1). Clearly the scalar function
Φ = TA1···Ap
B1···Bq ZA1 · · ·ZAp Z¯B1 · · · Z¯Bq (4.11)
is a zero mode of the Laplacian on Cn+1:
Cn+1 Φ =
∂2
∂ZA ∂Z¯A
Φ = 0 , (4.12)
where we can write this Laplacian in terms of r and the Laplacian on the unit S2n+1 as
0 = Cn+1 Φ =
1
r2n+1
∂
∂r
(
r2n+1
∂Φ
∂r
)
+
1
r2 S
2n+1 Φ . (4.13)
Note that Φ can be written as
Φ = rp+q ei (p−q) τ Ψ , (4.14)
where Ψ depends only on the inhomogeneous CPn coordinates ζα.
It is straightforward to show from (4.7) that the components of the sphere metric gˆAB
and the CPn metric gab are related by
gˆab = gab +BaBb , gˆaτ = Ba , gˆττ = 1 ,
gˆab = gab , gˆaτ = −Ba , gˆττ = 1 +BaBa , (4.15)
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where Ba ≡ gab Bb. From this it is easily seen that the scalar Laplacian on S2n+1 is given
by
S2n+1 =
(
∇a −Ba ∂
∂τ
)2
+
∂2
∂τ2
. (4.16)
Substituting (4.14) into (4.13) and (4.16), we therefore find that Ψ is an eigenfunction on
CP n, satisfying
−DaDaΨ = 2[2p q + n (p+ q)]Ψ , (4.17)
where Da = ∇a − i (p − q)Ba. This is the Laplacian for scalar fields of charge (p − q), in
the (p, 0, 0, . . . , 0, q) representation of SU(n+ 1). The uncharged scalars therefore occur in
the (p, 0, 0, . . . , 0, p) representations, with eigenvalues λ = 4p (p + n).
In section (3.2) the Killing vectors on an Einstein-Ka¨hler space were constructed in
terms of uncharged scalar eigenfunctions with eigenvalue 2Λ. On CPn, the appropriate
eigenfunctions are the ones with (p, q) = (1, 1), since, as can be seen from (4.17), they have
eigenvalue 4(n+1), which, from (4.10), is 2Λ. They are indeed in the adjoint representation
of SU(n+1), as should be since they are supposed to be in one-to-one correspondence with
the Killing vectors of CP n.
Thus we see that the scalars ψ that generate the Killing vectors on CPn are given by
ψ =
1
r2
TA
B ZA Z¯B , (4.18)
where TA
B is an arbitrary Hermitean traceless tensor. From the previous definitions, it has
the following expression in terms of the inhomogeneous coordinates on CP n:
ψ = f−1 (T0
0 + T0
α ζ¯ α¯ + Tα
0 ζα + Tα
β ζα ζ¯ β¯) . (4.19)
Note that since TA
B is traceless, we can write T0
0 = −Tαα, and thus we can regard the
unconstrained constant tensors T0
α, Tα
0 and Tα
β as parameterising the set of scalars ψ
corresponding to the full set of n(n+ 2) Killing vectors of CPn.
From the scalars ψ, we can readily construct the Killing vectors using (3.17). From (4.9)
we therefore find that the complex components of the Killing vector associated with ψ are
given by
Kα = i gαβ¯ ∂β¯ ψ =
i
2(T0
α + Tβ
α ζβ − T00 ζα − Tβ0 ζβ ζα) , (4.20)
with K α¯ being the complex conjugate of Kα.
As a check on this construction of the Killing vectors from the scalar eigenfunctions ψ, we
may also construct them directly, using the fact that they must correspond to infinitesimal
SU(n+1) transformations of the form δZA = i ǫ TB
A ZB on the homogeneous coordinates,
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where TB
A is again an arbitrary Hermitean traceless tensor. This translates into δζα =
δZα/Z0 − Zα/(Z0)2 δZ0, giving
δζα = i ǫ (T0
α + Tβ
α ζβ − T00 ζα − Tβ0 ζβ ζα) , (4.21)
which is in precise agreement with (4.20), since Killing vectors generate the coordinate
transformations δζα = 2ǫKα. Of course we also need to know the explicit scalar functions
ψ, for the purpose of lifting the Killing vectors to the U(1) bundle space.
Note that CPn is a space of constant holomorphic sectional curvature, and in fact in
terms of a real index notation the orthonormal components of the Riemann tensor of the
unit CP n with metric (4.6) are given by
Rabcd = δac δbd − δad δbc + Jac Jbd − Jad Jbc + 2Jab Jcd . (4.22)
It is sometimes useful to work with an explicit real metric for CP n. In Appendix A, we
obtain an iterative construction for a real metric on CP n, in terms of a metric on CP n−1.
It is now straightforward to follow the procedure described in sections (3.2) and (3.3), to
construct the U(1) bundle space over an arbitrary product of CPn metrics. Specifically, we
take the base manifold to beM =M1×M2×· · ·×MN , whereMi is the complex projective
space CP ni , with real dimension di = 2ni. We shall denote the total bundle spaces by
Qq1 q2···qNn1 n2···nN , (4.23)
where the integers qi are the winding numbers of the U(1) bundle over the factors CP
ni in
the base manifold.
4.2 Killing spinors on Qq1···qNn1···nN spaces
As we discussed in section 3.3, one can always find a solution to the conditions (3.36) and
(3.37) for any choice of the qi. A particularly simple case is when qi = ki. In fact in CP
ni
there is only one 2-cycle, and the integer ki is therefore simply the result from integrating
the first Chern class Pi/(2π) over this cycle, which turns out to give
ki = ni + 1 . (4.24)
In fact the Einstein spaces Qq1 q2···qNn1 n2···nN with qi = (ni+1)/ℓ where ℓ is the greatest common
divisor of the (ni+1) have a further nice feature, namely that they all admit Killing spinors.
To show this, we note that the Killing spinor equation
DA η − i
2
√
Λˆ
D
ΓA η = 0 (4.25)
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has the integrability condition
1
4RˆABCD Γ
CD η − Λˆ
2D
ΓAB η = 0 , (4.26)
which is obtained by taking a commutator of the generalised derivatives appearing in (4.25).
From (4.26) one can easily deduce that the metric on the total bundle space must be
Einstein, and furthermore that
CˆABCD Γ
CD η = 0 , (4.27)
where CˆABCD is the Weyl tensor on the total space.
If for every space CPni we take qi = ki/ℓ, where ℓ = gcd(ki), then we can use (3.44) and
(3.45) to express the non-zero orthonormal components of the Riemann tensor on the U(1)
bundle space as:
Rˆaibicidi =
Λ
di + 2
(
δaiciδbidi − δaidiδbici
)
+Λ
[ 1
di + 2
− 1
D + 2
]
(JaiciJbidi − JaidiJbici + 2JaibiJcidi) ,
Rˆaibiajbj = −
2Λ
D + 2
JaibiJajbj , (4.28)
Rˆaiajbibj = −
Λ
D + 2
JaibiJajbj ,
Rˆ 0 ai 0 bi =
Λ
(D + 2)
δaibi
where D =
∑
i di =
∑
2ni is the total dimension of the base space, Λ is the (universal)
cosmological constant of the CPni , and the indices ai label the coordinates on CP
ni . (We
are using the expression (4.22) for the Riemann tensor of CPn, appropriately rescaled so
that the cosmological constant is Λ.)
From (4.28) it follows that the non-zero components of the Weyl tensor are
Cˆaibicidi = Λ
[ 1
di + 2
− 1
D + 2
]
(δaiciδbidi − δaidiδbici +
JaiciJbidi − JaidiJbici + 2JaibiJcidi) ,
Cˆaibiajbj = −
2Λ
D + 2
JaibiJajbj , (4.29)
Cˆaiajbibj = −
Λ
D + 2
(δaibiδajbj + JaibiJajbj ) .
The integrability conditions (4.26) for the existence of Killing spinors therefore become
Γaibi η + Jaici Jbjdj Γcidj η = 0 , (4.30)
(D − di) (Γaibi + Jaici Jbidi Γcidi + Jaibi Jcidi Γcidi) η
−(di + 2)Jaibi
∑
j 6=i
Jcjdj Γcjdj η = 0 . (4.31)
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One can show that (4.31) is implied by (4.30), and in fact the full set of independent
conditions can be summarised succinctly as follows. Without loss of generality we can
choose a basis for the CPni spaces in which the orthonormal components of the Ka¨hler
forms are:
J12 = J34 = J56 = · · · = +1 , (4.32)
with all other components being either zero, or implied by antisymmetry from the given
ones. The conditions (4.30) and (4.31) can then be shown to be precisely equivalent to the
conditions
Γ12 η = Γ34 η = Γ56 η = · · ·ΓD−1,D η . (4.33)
Since D is even, and the total bundle space has dimension D+1, it follows that the spinors
have 2D/2 components. There are 12D−1 equations in (4.33), each of which implies a halving
of the original number of components, and so the final conclusion is that there are always 2
Killing spinors in these bundle spaces (real or complex, according to whether the spinors are
Majorana or not). Special cases of this result that have appeared previously in the literature
include the U(1) bundles over S2×S2, S2×S2×S2 and CP 2×S2. We shall in general refer
to all the qi = ki/ℓ Einstein spaces as “supersymmetric”spaces, although of course their
Killing spinors are really only associated with supersymmetric compactifications in certain
low-dimensional examples.
5 Consistency condition for Kaluza-Klein reductions
We saw in section 2 that in the cases of interest in supergravity reductions, a criterion for
the consistency of the Kaluza-Klein reduction, and truncation to the massless gauge-boson
sector, is that the Killing vectors KˆI associated with any gauge bosons that are to be
retained must satisfy the condition that
Y (KˆI , KˆJ) = KˆIm KˆJm +
1
2m2
(∇ˆm KˆIn)(∇ˆm KˆJn ) ≡ Y IJ (5.1)
should be constant, independent of the coordinates y of the internal space. Here, m is the
related to the cosmological constant Λˆ of the internal Einstein space by Λˆ = Dm2, where
the dimension of the internal space is D + 1.
We begin by noting that the second term in (5.1) can be re-expressed more simply by
using the following identity:
ˆ (Kˆm Lˆm) = Kˆ
m ˆ Lˆm + Lˆ
m ˆ Kˆm + 2(∇ˆm Kˆn)(∇ˆm Lˆn)
= −2Λˆ Kˆm Lˆm + 2(∇ˆm Kˆn)(∇ˆm Lˆn) , (5.2)
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for any pair of Killing vectors Kˆm and Lˆm, where we have made use of the fact that
Killing vectors on an Einstein space with cosmological constant Λˆ satisfy the equation
ˆ Kˆm + Λˆ Kˆm = 0. This allows us to express the second term in (5.1) in terms of Kˆm Lˆm:
(∇ˆm Kˆn)(∇ˆm Lˆn) = 12 (Kˆm Lˆm) + Λˆ Kˆm Lˆm . (5.3)
Note that we just need the Laplacian on the base space here, since it is equal to the
Laplacian ˆ in the bundle space when acting on scalars that are independent of the fibre
coordinate z. The quantity Y (Kˆ, Lˆ) defined in (5.1), whose constancy is need for consis-
tency, is therefore expressible as
Y (Kˆ, Lˆ) = 12(D + 2) Kˆ
m Lˆm +
D
4Λˆ
(Kˆm Lˆm) . (5.4)
We shall refer to the criterion that Y (Kˆ, Lˆ) in (5.1) be constant as “The Consistency
Condition” for short.
With our results from the previous sections we are now able to test the consistency
condition in general, for any Einstein space Mˆ that is constructed as a U(1) bundle over
a product of complex projective base spaces. Before doing so, we shall show that for any
sphere Sn, with its standard round metric, all the SO(n + 1) Killing vectors satisfy the
consistency condition. This is an important point not only for the discussion of Kaluza-
Klein reductions on spheres themselves, but also we shall need to make use of this fact later
in the section, when we examine the consistency condition in more general cases.
One way to prove that the full set of SO(n+1) Killing vectors on the sphere Sn satisfy
the consistency condition is by using the fact that there are always Killing spinors on the
sphere, equal in number to the dimension of the spinors, that satisfy
∇ˆmηA − i2 mΓm ηA = 0 . (5.5)
From any pair of these, one can construct vectors KˆABm = η¯
A Γm η
B , which can easily be
seen to satisfy the Killing vector equation. One can also show that all the Killing vectors of
SO(n+ 1) are obtained by this means. Furthermore, it follows from (5.5) that ∇ˆm KˆABn =
imη¯A Γmn η
B . It is now relatively straightforward to show, using Fierz rearrangements,
that the Killing vectors do indeed satisfy the consistency condition.
There is another way of showing that the full set of Killing vectors on the sphere satisfy
the consistency condition, which is, perhaps, a little more geometrically appealing. We can
describe the unit sphere Sn as the surface xA xA = 1 in IRn+1, where xA are Cartesian
coordinates in IRn+1. The Killing vectors on Sn are then given by
KAB = x
A ∂B − xB ∂A . (5.6)
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If we write xA = r uA, where the uA satisfy uA uA = 1 and are coordinates on the unit Sn,
and r2 = xA xA, then the metric on IRn+1 is given by
ds2(IRn+1) = dr2 + r2 duA duA , (5.7)
where duA duA is the metric on the unit Sn. If we denote by gAB the metric on the unit
Sn, it is clear that it is related to the flat metric δAB on IR
n+1 by
gAB =
1
r2
(
δAB − x
A xB
r2
)
, (5.8)
since this gives gAB dx
A dxB = duA duA. An elementary calculation then shows that the
inner product between Killing vectors KAB and KCD given in (5.6), with respect to the
metric gAB , is
(KAB ·KCD) = δAC uB uD + δBD uA uC − δAD uB uC − δBC uA uD . (5.9)
Now, the Laplacian on IRn+1 is related to the Laplacian on the unit Sn by
Rn+1 =
1
rn
∂
∂r
(
rn
∂
∂r
)
+
1
r2
Sn . (5.10)
From (5.9), and xA = r uA, we shall have
Rn+1
(
r2 (KAB ·KCD)
)
= 4(δAC δBD − δAD δBC) , (5.11)
and hence using (5.10) we obtain
Sn (KAB ·KCD) + 2(n + 1) (KAB ·KCD) = 4(δAC δBD − δAD δBC) . (5.12)
Since the unit Sn has cosmological constant (n+1), which corresponds to m2 = 1 in (5.1),
we finally arrive at the result that on the unit Sn
Y (KAB ,KBC) = δAC δBD − δAD δBC . (5.13)
This shows that indeed all the SO(n + 1) Killing vectors on the sphere Sn satisfy the
consistency condition.
We now turn to the case where the internal manifold is a general Einstein space that can
be constructed as a U(1) bundle over a product of complex projective spaces, of the kind
we have discussed in the previous sections. In section 3, we derived the expression (3.30)
for a Killing vector on the bundle space, and (3.32) for its expression as a 1-form. It is now
straightforward to calculate the inner product between any two Killing vectors, which we
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shall need for testing the consistency condition. Let us first establish the notation that we
shall write the U(1) Killing vector that generates translations along the fibres as
U ≡ ∂
∂z
. (5.14)
It is easily seen that written as a 1-form, this is
U = c2 (dz −A) . (5.15)
We shall use Kˆi to denote a Killing vector lifted from the factor Mi in the base manifold.
There are four different sectors to consider in the consistency condition, namely Y (U,U),
Y (U, Kˆi), Y (Kˆi, Kˆj) (with i 6= j) and Y (Kˆi, Lˆi) (where Kˆi and Lˆi are two Killing vectors
in the same factor Mi in the base manifold).
Taking Y (U,U) first we see from (5.14) and (5.15) that Um Um = c
2 =constant, and
hence from (5.4) we shall have Y (U,U) =constant. So the U(1) Killing vector by itself
always satisfies the consistency condition.
Next, consider Y (U, Kˆi). From (5.14) and (3.32) we have
Um Kˆ(i)m = αi c
2 ψ(i) , (5.16)
and so from (5.4) we obtain
Y (U, Kˆi) =
αi c
2
2Λˆ
[
(D + 2) Λˆ−DΛi
]
ψ(i) . (5.17)
Since ψ(i) is never constant (it satisfies ψ(i) = −2Λi ψ(i)), it follows that for a Killing
vector Kˆ(i) coming from the base to be included in a consistent truncation as well as the
U(1) Killing vector U , the quantity in square brackets would have to vanish, i.e.
Ci ≡ (D + 2) Λˆ−DΛi = 0 . (5.18)
We shall not analyse this condition extensively at this stage, since as we shall see later, more
severe inconsistency problems generally occur in other sectors. We just note, however, that
in view of the relation (3.40), consistency in this sector would require
∑
j
dj Λj −DΛi = 0 . (5.19)
In particular, this would be satisfied if all the Λj were equal, Λj = Λ, since
∑
j dj = D
(this is the case for all the spaces with qi = ki/ℓ, i.e. the ones that admit 2 Killing spinors).
However, we shall see below that the Killing vector Kˆi will still run into other consistency
problems in this case.
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Moving on to the Y (Kˆi, Kˆj) sector, where Kˆi and Kˆj come from different factors Mi
and Mj in the base space, we find from (3.30) and (3.32) that the inner product for two
such Killing vectors is
Kˆmi Kˆmj = αi αj c
2 ψ(i) ψ(j) . (5.20)
Since the two functions ψ(i) and ψ(j) are assumed to live in two different factors in the base
space here, it follows that ∂aψ(i) ∂aψ
(j) = 0, and hence, substituting into (5.4), we find
Y (Kˆi, Kˆj) =
αi αj c
2
2Λˆ
[
(D + 2) Λˆ−D (Λi + Λj)
]
ψ(i) ψ(j) . (5.21)
Again, since the ψ(i) and ψ(j) functions are always non-constant, the only way for Y (Kˆi, Kˆj)
to be constant would be if the quantity in square brackets vanished, namely
Cij ≡ (D + 2) Λˆ −D (Λi + Λj) = 0 . (5.22)
Again, without fully analysing this condition here we may note that in the cases of principal
interest with Λk = Λ for all k (the “supersymmetric” cases where there are 2 Killing spinors),
equation (3.40) now allows us to deduce that
Cij = −DΛ , (5.23)
and so the consistency condition is not satisfied. Thus we already see that we could not
include Killing vectors from both of two factors Mi and Mj in the base space, at least in
the supersymmetric cases where all the Λk are equal.
The fourth sector to consider is when two Killing vectors Kˆ and Lˆ come from the same
factor Mi in the base space. In order to avoid an unnecessary profusion of indices, we shall
now suppress the “i” index that labels the particular factor in the product base manifold
where the two Killing vectors are living. Thus the quantities Kˆ, Lˆ, ψ, ψ˜, d, α, Λ in the
following discussion all refer to this specific factor in the base space.
Now, the calculation of the inner product of the gives the result
Kˆm Lˆm = α
2 c2 ψ ψ˜ + ∂aψ ∂aψ˜ , (5.24)
where Ka = Jab ∂bψ and L
a = Jab ∂bψ˜. Substituting into Y defined in (5.4), we now find
Y (Kˆ, Lˆ) =
1
2Λˆ
{
α2 c2 [(D + 2) Λˆ− 2DΛ]ψ ψ˜ + [(D + 2) Λˆ +D (α2 c2 − Λ)] ∂aψ ∂aψ˜
+D (∇a∇bψ)(∇a∇bψ˜)
}
. (5.25)
29
This equation can be simplified considerably, as follows. We may invoke the fact that
if we consider the case where the base manifold has just a single factor Mi = CP
ni , then
the corresponding bundle space, with its Einstein metric, is the standard round metric
on the sphere S2ni+1. Furthermore, we know that in this case all the Killing vectors on
S2ni+1 satisfy the consistency condition, as we discussed earlier. This, therefore, allows us
to deduce that the scalars ψ and ψ˜ must satisfy equations such that (5.25) is constant when
we take just the single factor Mi in the base space. In this case we shall have D = d (the
dimension of the single space Mi). Substituting into (5.25), we then learn that
− 4Λ
2
d+ 2
ψ ψ˜ +
4Λ
d+ 2
∂aψ ∂aψ˜ + (∇a∇bψ)(∇a∇bψ˜) (5.26)
must be a constant, for any choice of ψ and ψ˜ on Mi. This result
8 for the eigenfunctions
ψ on CPn that they satisfy the condition that (5.26) is constant for any pair of such
eigenfunctions. can now be fed back into (5.25) in the cases that really interest us, namely
when there is more than one factor in the product base manifold. Specifically, we can use
(5.26) in order to eliminate the (∇a∇bψ)(∇a∇bψ˜) terms in (5.25). Thus, we can deduce
that consistency in this sector will be achieved only if
Q ≡ ∂aψ ∂aψ˜ − β ψ ψ˜ (5.28)
is constant, where the constant β is given by
β =
4DΛ2
d+2 − α2 c2 [2DΛ− (D + 2) Λˆ]
4DΛ
d+2 − (D + 2) Λˆ−D(α2 c2 − Λ)
. (5.29)
Using (3.36) and (3.37), this can be rewritten as
β =
4DΛ2 − 2(Λ− Λˆ)[2DΛ − (D + 2) Λˆ](d+ 2)
4DΛ− (d+ 2)[(D + 2) Λˆ +D(Λ− 2Λˆ)] . (5.30)
It is easiest to analyse this condition in the case where the Killing vector Lˆ is taken to
be the same as Kˆ, since if we can show that Y (Kˆ, Kˆ) is not a constant, then that will show
that no Killing vector from the base space can be retained in a consistent truncation. Let
8One can also prove this result directly, as follows. We know that any Killing vector Ka satisfies
∇a∇bKc = R
d
abcKd. Since we have K
a = Jab ∂b ψ here, and furthermore the Riemann tensor on CP
n is
given by (4.22), we can conclude, after rescaling to cosmological constant Λ on CPn, that
∇a∇b∇c ψ =
Λ
d+ 2
[
Jab Jcd ∂
d
ψ + Jac Jbd ∂
d
ψ − gab ∂c ψ − gac ∂b ψ − 2gbc ∂a ψ
]
, (5.27)
where d = 2n. After some simple further manipulations, the constancy of (5.26) follows.
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us therefore just consider one scalar eigenfunction ψ, with ψ˜ = ψ. Thus we wish to study
whether the quantity
Q ≡ ∂aψ ∂aψ − β ψ2 (5.31)
can be constant. If Q is constant then ∇aQ will be zero, and so we can follow the familiar
strategy of integrating (∇aQ)2 over the factor Mi = CPni in the product base manifold,
where the scalar eigenfunction ψ resides. If we can show that this integral is positive, then
it will establish that Q is not constant, and hence that the gauge boson associated to the
corresponding Killing vector cannot be retained in a consistent Kaluza-Klein reduction.
Using integrations by parts, and the equation ψ = −2Λψ, repeatedly, we can establish
the following results: ∫
ψ2 |∇ψ|2 = 23Λ
∫
ψ4 ,∫
∇a|∇ψ|2∇a(ψ2) = 83 Λ2
∫
ψ4 − 2
∫
|∇ψ|4 ,∫
∇a|∇ψ|2∇a|∇ψ|2 = 83 Λ3
∫
ψ4 − 2(d − 2)
d+ 2
Λ
∫
|∇ψ|4 , (5.32)
where |∇ψ|2 ≡ ∇aψ∇aψ and |∇ψ|4 ≡ (|∇ψ|2)2. (We have used the relation (5.27) in
obtaining the last of these three equations.) Using these results, we find that∫
|∇Q|2 = 83Λ (β − Λ)2
∫
ψ4 + 2
(
2β − d− 2
d+ 2
Λ
) ∫
|∇ψ|4 . (5.33)
Using this, it is possible to show that, except for “trivial” cases that we shall discuss
below, the quantity Q can never be constant for any of the eigenfunctions ψ associated
with the Killing vectors of the SU(ni + 1) factors in the isometry group of the bundle
space. We shall first discuss the “supersymmetric” cases, where the winding numbers qi
satisfy qi = ki/ℓ, since the proof is very simple in these cases, and furthermore they are the
examples of principal physical interest. After that, we shall present a complete analysis for
all possible choices of winding numbers.
As we saw in section 3, when qi = ki/ℓ the cosmological constants of all the CP
ni factors
in the base space are equal, as are the constants αi; they are given by (3.44) and (3.45).
Substituting these into (5.29) we find β = Λ, and so (5.33) gives∫
|∇Q|2 = 2Λ(d + 6)
(d+ 2)
∫
|∇ψ|4 . (5.34)
The right-hand side is manifestly positive, and so the result that Q cannot be constant
follows.
For the general (non-supersymmetric) case with arbitrary winding numbers qi, consider
first the situation when the factor Mi in the base space where ψ resides is CP
1. In this
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particular case, because CP 1 is the sphere S2, it follows that the three eigenfunctions ψ
that generate the SO(3) Killing vectors actually satisfy the equation ∇a∇b ψ = −Λ gab ψ,
and from this it follows that on CP 1 we have∫
|∇ψ|4 = 83Λ2
∫
ψ4 . (5.35)
Substituting this into (5.33) gives∫
|∇Q|2 = 83Λ (β + Λ)2
∫
ψ4 . (5.36)
Thus we see that in this case it must be that Q is constant if and only if β = −Λ. It is
easy to see from the equations (3.35), (3.36), (3.37) and (5.29) that this can happen only
in the extreme case where the fibres in the U(1) bundle have a non-zero winding number
only over the S2 factor in the base space where ψ resides. But in this extreme case the
total space is simply the direct product of S3 times the remaining CPni factors in the
base. Not surprisingly, since S3 is a group manifold, it has Killing vectors for which the
associated quantity Q will be constant. (Since any given Killing vector is associated with
a left-translation or right-translation under SU(2).) Aside from this extreme case, which is
certainly not the one of interest to us in this paper, we see that Q can never be constant.
Next, consider the case where the eigenfunction ψ lives in a CP 2 factor in the base space.
It is necessary, again, to determine the relation between
∫ |∇ψ|4 and ∫ ψ4. Clearly this will
be of the form ∫
|∇ψ|4 = cΛ2
∫
ψ4 , (5.37)
where c is a pure (dimensionless) number. It is evident from the expressions(4.18) or (4.19)
for ψ that the two integrals on CP 2 must be expressible in terms of SU(3)-invariant quartic
polynomials built from the traceless Hermitean tensor TA
B . Since there is no independent
fourth-order Casimir for SU(3), it must be that both integrals in (5.37) for CP 2 are pure
numbers times (TA
B TB
A)2, the numbers being independent of the choice of TA
B . Thus
the constant c can be determined by evaluating the two sides of (5.37) for any convenient
choice of eigenfunction ψ. From (4.19), a simple choice is to take the ψ corresponding to
Tα
β = δβα, which implies T0
0 = −2, with all other components of TAB zero. This gives
ψ = 1− 3 f−1 , (5.38)
where f is given in (4.2). It is easy to substitute this into (5.37), leading to the result that
c = 2 . (5.39)
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Finally, using this result in (5.33), with n = 12d, we arrive at the following:∫
|∇Q|2 = 83 Λ
[
(β + 12Λ)
2 + 14Λ
2
] ∫
ψ4 , (5.40)
which shows that Q can never be constant in this case.
Finally, we can consider the general case where ψ lives in a CPn factor in the base space.
Now the calculation is a little more involved, since the ratio of
∫ ∇ψ|4 to ∫ ψ4 depends on
the specific choice of eigenfunction ψ, when n ≥ 3. In order to achieve the best chance of
having
∫ ∇Q|2 be zero, one wants the ratio of ∫ |∇ψ|4 to ∫ |ψ|4 to be as large as possible,
since then the (possibly negative) second term on the right-hand side of (5.33) has the best
chance to outweigh the always-positive contribution from the first term on the right-hand
side. In the Appendix we present some calculations that provide a determination of the
largest value of this ratio; see (B.17) and (B.18). Thus from (5.33) we find that when n is
odd, we shall have ∫
|∇Q|2 ≥ 83Λ
(
β +
2Λ
n+ 1
)2 ∫
ψ4 , (5.41)
whilst when n is even we instead find∫
|∇Q|2 ≥ 83Λ
[(
β +
2nΛ
n2 + n+ 2
)2
+
4(n + 2)
(n2 + n+ 2)2
] ∫
ψ4 , (5.42)
From these results we see that Q can never be constant when n is even. When n is odd
instead, we see that Q can be constant if and only if
β = − 2Λ
n+ 1
. (5.43)
Now from (3.36) and (3.37) it immediately follows that if we define x ≡ Λˆ/Λ, then
d
d+ 2
≤ x ≤ 1 . (5.44)
The lower limit is saturated if the U(1) fibres wind only over the chosen CPn factor in the
base space, whilst the upper limit is saturated if instead the U(1) fibres have zero winding
number over the chosen CPn factor. Using (5.30), we find that
β +
4Λ
d+ 2
= Λ
−2(D + 2)(d + 2)2 x2 + 2(d+ 2)(3D d+ 8D + 2d)x − 4dD (d+ 4)
(d+ 2)[(D − 2)(d + 2)x−D (d− 2)] . (5.45)
The denominator is positive for all x in the interval (5.44), and the numerator has no
extremum in this interval. It then follows that we shall have
β ≥ − 4Λ
d+ 2
, (5.46)
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with equality being achieved only if x = d/(d+2). Since d = 2n, we conclude from this and
(5.43) that Q can be constant only in the extreme case where the U(1) fibres wind purely
over the CPn factor in the base space in which the eigenfunction ψ resides.
The reason for the occurrence of these exceptional cases where Q can be constant is the
following. When n is odd, say n = 2q + 1, and the fibres wind only over the CP 2q+1 factor
in the base manifold, the total space is the direct product of S4q+3 with the other CPni
factors in the base space. Now the sphere S4q+3 can be described as an SU(2) bundle over
the quaternionic projective space HP q. Consequently, an SU(2) subgroup of the SO(4q+4)
isometry group of the sphere corresponds to left translations by SU(2) on the SU(2) fibres,
and therefore the associated SU(2) Killing vectors KI will necessarily have the property
that KI ·KJ =constant, and so they will be associated with eigenfunctions ψ on CP 2q+1
that satisfy the condition Q =constant. It is these Killing vectors that are being “detected”
by the saturation of the bound (5.41).
These exceptional cases are higher-dimensional generalisations of the exception arising
for n = 1, with the fibres winding only over the CP 1 factor to give S3, which we discussed
previously. Again they are “trivial,” from the point of view of our analysis of compactifica-
tions, since we are not particularly interested in cases where the internal space is a direct
product of a sphere S4q+3 with a Ka¨hler space. Nonetheless, it is reassuring to find that
our rather intricate general analysis has indeed, as it should, detected these slightly obscure
exceptions to the general rule.
With these results, we have proved that the non-abelian Killing vectors on the U(1)
bundle spaces over any product of CPni factors in the base space will never satisfy the
consistency requirement that Y IJ in (5.1) is a constant.9 This means that the associated
Kaluza-Klein Yang-Mills fields associated with the non-abelian part of the symmetry group
cannot be consistently retained in a massless truncation. In particular, this proves that
of the U(1) × SU(2) × SU(2) Yang-Mills fields in the Q(1, 1) compactification of the type
IIB theory to D = 5, the SU(2)× SU(2) fields cannot be retained in a consistent massless
truncation.
9Except in the previously-discussed trivial cases of SU(2) Killing vectors in the S4q+3 factors in a bundle
space where the fibres wind only over a CP 2q+1 base-space factor.
34
6 Conclusions
In this paper, we have studied a necessary condition for the occurrence of a consistent
Kaluza-Klein reduction on an internal Einstein manifold, in which all the Yang-Mills fields
associated with the isometry group of the compactifying space are retained in a massless
truncation. This condition, that the quantitiy Y IJ defined in (5.1) should be constant, is
of rather general relevance in all the known non-trivial consistent Kaluza-Klein reductions.
In particular, this consistency criterion is satsified by all the Killing vectors on a sphere, of
arbitrary dimension. Our principal goal in this paper has been to show that the consistency
criterion is never satisfied by the non-abelian SU(ni + 1) Killing vectors in the isometry
groups of the spaces Qq1···qNn1···nN , which are defined as U(1) bundles over the product
∏
i CP
ni
of complex-projective spaces CP ni , with winding numbers qi. In particular, this shows
that space Q1111 (sometimes known as T
11), the U(1) bundle over S2 × S2, does not allow
a consistent Kaluza-Klein reduction of type IIB supergravity in which the non-abelian
Yang-Mills fields of its SU(2) × SU(2) × U(1) isometry group are retained in a massless
truncation. Likewise, the compactifications ofD = 11 supergravity on the U(1) bundles over
S2×S2×S2 and over CP 2×S2 do not allow the retention of the corresponding non-abelian
Yang-Mills fields in massless truncations. These facts will be of relevance in the AdS/CFT
correspondence [34, 35, 36], where it should turn out that certain correlation functions
involving products of single massive operators with massless ones will correspondingly be
non-zero in these cases (see, for example, [32]).
We have set our proof of the inconsistency of the full massless truncations in these cases
in a more general context, in which we show in general that the non-abelian Killing vectors
on the bundle spaces Qq1···qNn1···nN do not satisfy the consistency criterion that all Killing vectors
on all spheres satisfy. In order to show this, we have made a detailed analysis that should
also be of more general utility. In particular, we studied the lifting of Killing vectors from
an arbitrary base manifold to a U(1) bundle over the base, and then we specialised to the
case where the base is a Ka¨hler -Einstein space, or a product of Ka¨hler -Einstein spaces. In
such cases, more complete results can be obtained, based on the fact that any Killing vector
in the base can be expressed in terms of a certain eigenfunction of the scalar Laplacian.
We then turned to the cases of principal interest, where the base space is the product
of complex projective spaces CPni . We made a study of the Fubini-Study metrics, and in
an appendix we obtained a rather useful iterative construction for real metrics on CPn.
We showed that all of the bundle spaces Qq1···qNn1···nN can be given Einstein metrics, provided
only that all the winding numbers qi do not vanish. We also showed that in the special
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case where qi = (ni + 1)/ℓ, where ℓ is the greatest common divisor of the (ni + 1), the
Einstein spaces all admit two Killing spinors. These cases, for Q1111, Q
111
111 and Q
32
21, are the
ones of principal interest in the context of supergravity compactifications, since they imply
the existence of unbroken supersymmetries.
We showed also that the question of whether the non-abelian Killing vectors of the
U(1) ×∏i SU(n1 + 1) isometry group of Qq1···qNn1···nN satisfy the consistency criterion in (5.1)
can be reduced to the question of whether the scalar eigenfunctions on CPn that are related
to its Killing vectors satisfy certain integral bounds. We studied these bounds in detail,
and used these to obtain our proofs of the inconsistency of the Kaluza-Klein reductions.
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Appendices
A An iterative construction of CP n
On occasion, it is helpful to have a real expression for the Fubini-Study metric on CPn
available. This is easily done for low-dimensional examples by making specific adapted
coordinate choices (see, for example, [33] for an explicit real metric on CP 2). In general, we
can give an elegant iterative construction for the metric on CPn in terms of the metric on
CP n−1.
We take as our starting point the standard Fubini-Study metric (4.6) on CPn, and write
the inhomogeneous coordinates ζα as
ζα = tan ξ uα , with uα u¯α¯ = 1 . (A.1)
With this coordinate redefinition the CP n metric (4.6) becomes
dΣ2n = dξ
2 + sin2 ξ duα du¯α¯ − sin4 ξ |u¯α¯ duα|2 . (A.2)
Noting that the n quantities uα are themselves complex coordinates on Cn, subject to the
constraint uα u¯α¯ = 1, we can follow the same strategy as in the original CP n construction,
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by introducing (n− 1) inhomogeneous coordinates vi, with 1 ≤ i ≤ n− 1, defined by
vi =
ui
un
, (A.3)
where un here denotes the n’th of the coordinates uα. In addition, we define
un = |un| ei τ˜ . (A.4)
After a little calculation, we see that the metric (4.6) on CPn now takes the form
dΣ2n = dξ
2 + sin2 ξ cos2 ξ (dτ˜ + B˜)2 + sin2 ξ dΣ2n−1 , (A.5)
where dΣ2n−1 is the Fubini-Study metric on the unit CP
n−1, and B˜ is a potential for the
Ka¨hler form of CPn−1:
dΣ2n−1 = f˜
−1 dvi dv¯i¯ − f˜−2 |v¯i¯ dvi|2 , f˜ = 1 + vi v¯i¯ ,
B˜ = 12 i f˜
−1 (vi dv¯i¯ − v¯i¯ dvi) . (A.6)
Thus (A.5) gives us an iterative construction of the Fubini-Study metric on the unit CPn in
terms of the Fubini-Study metric on the unit CP n−1. (In fact the metric in CP 2 obtained
in [33] is precisely of this form, with the metric on CP 1 being the standard metric on the
2-sphere.) Note that the potential B for CPn, appearing in (4.8), is given in terms of the
analogous potential B˜ for CPn−1 by
B = sin2 ξ (dτ˜ + B˜) . (A.7)
The function f appearing in (4.2) is given by
f = sec2 ξ . (A.8)
B Inequalities on CP n
In section 5, we show that the gauge boson associated with any Killing vector on a factor
CP n in the base manifold whose associated scalar harmonic ψ has a Q, as defined in (5.31),
that is non-constant, cannot be retained in a consistent massless Kaluza-Klein reduction. In
this appendix we derive some inequalities involving the integrals
∫
ψ4 and
∫ |∇ψ|4 appearing
in (5.33), which are used in the calculations in section 5.
In terms of the construction (4.18) or (4.19) for the eigenfunctions ψ, it is clear that the
integrals
∫
ψ4 and
∫ |∇ψ|4 must necessarily give rise to quartic SU(n + 1) invariants built
from the traceless Hermitean tensor TA
B. If we define
I2 ≡ TAB TBA , I4 ≡ TAB TBC TCD TDA , (B.1)
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it follows therefore that on CPn we must have∫
ψ4 = a (I2)
2 + b I4 ,
∫
|∇ψ|4 = a˜ (I2)2 + b˜ I4 , (B.2)
for pure numbers a, b, a˜ and b˜ that are dependent only on the value of n. In order to
determine these constants, it suffices to consider just two special cases of eigenfunctions ψ
that have different values for the ratio I4/(I2)
2.
A convenient choice for the two eigenfunctions ψ1 and ψ2 is as follows. For ψ1, we take
Tα
β = δβα, T0
0 = −n, with all other components of TAB vanishing. For ψ2, we take instead
Tn
0 = T0
n = 12 , with all other components vanishing. (Here “n” indicates that α takes the
value α = n.) For these two special cases the invariants I2 and I4 are given by:
ψ1 : I2 = n(n+ 1) , I4 = n(n
3 + 1) ,
ψ2 : I2 =
1
2 , I4 =
1
8 . (B.3)
Thus when n ≥ 2, we see that I4/(I2)2 is different for the two eigenfunctions, and so by
evaluating the integrals in (B.2), we shall be able to determine a, b, a˜ and b˜.
In order to evaluate the integrals, it is convenient to make use of the iterative con-
struction of CPn metrics that we obtained in Appendix A. Specifically, we iterate twice, to
give
dΣ2n = dξ
2 + sin2 ξ cos2 ξ (dτ˜ + B˜)2 + sin2 ξ
(
dλ2 + sin2 λ cos2 λ (dz + C)2 + sin2 λdΣ2n−2
)
.
(B.4)
(Our notation should be self-evident, by comparing with the construction in Appendix A.)
The two eigenfunctions ψ1 and ψ2 can then be seen to be given by
ψ1 = 1− (n+ 1) cos2 ξ , ψ2 = sin ξ cos ξ cos λ cos τ˜ . (B.5)
Other relevant points are that the determinant of the metric (B.4) is given by
√
gn = (sin ξ)
2n−1 cos ξ (sinλ)2n−3 cos λ
√
gn−2 , (B.6)
where gn−2 is the determinant of the metric dΣ
2
n−2 on CP
n−2. Furthermore, the relevant
components of the inverse metric are given by
gξξ = 1 , gλλ =
1
sin2 ξ
, gτ˜ τ˜ =
sec2 ξ + tan2 λ
sin2 ξ
. (B.7)
For functions φ of ξ, λ and τ˜ only, we have
|∇φ|2 =
(∂φ
∂ξ
)2
+
1
sin2 ξ
(∂φ
∂λ
)2
+
sec2 ξ + tan2 λ
sin2 ξ
(∂φ
∂τ˜
)2
. (B.8)
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As a final preliminary, we note from (4.4) that since the unit sphere S2n+1 has volume
Ω2n+1 = 2π
n+1/Γ(n + 1), it follows that the unit CPn has volume Σn given by
Σn =
πn
Γ(n+ 1)
. (B.9)
It is now straightforward to evaluate all the necessary integrals, and thus to determine
the constants a, b, a˜ and b˜ appearing in (B.2). We find that for the unit CPn, with n ≥ 2,
we shall have ∫
ψ4 =
3πn−1
2Γ(n + 5)
[
(I2)
2 + 2I4
]
,∫
|∇ψ|4 = 8π
n−1
Γ(n+ 5)
[
(n2 + 5n+ 7) (I2)
2 + (n+ 1)(n+ 2) I4
]
. (B.10)
For the discussion in section 5, it turns out that we need to know the largest possible
value that the ratio (
∫ |∇ψ|4)/(∫ ψ4) can attain. It is easy to see from (B.10) that this will
occur for a tensor TA
B that gives the smallest possible value of I4/(I2)
2. To determine this
value, let the (real) eigenvalues of TA
B be λA. Tracelessness implies that
∑
A λA = 0. If we
solve for the eigenvalue λ0 in terms of the λα for 1 ≤ α ≤ n, we shall therefore have
I2 =
∑
α
λ2α + (
∑
α
λα)
2 , I4 =
∑
α
λ4α + (
∑
α
λα)
4 , (B.11)
and so the ratio R ≡ I4/(I2)2 is extremised when the λα satisfy
λ3α I2 − λα I4 + (
∑
β
λβ)
3 I2 −
∑
β
λβ I4 = 0 . (B.12)
If we suppose that two of the extremising eigenvalues, say λα and λβ, are unequal, then
by subtracting their equations (B.12) we find that
λ2α + λα λβ + λ
2
β =
I4
I2
. (B.13)
If a third eigenvalue, say λγ , is unequal to both λα and λβ, then by subtractions we can see
that
λα + λβ + λγ = 0 . (B.14)
Finally, if we suppose that a fourth eigenvalue λδ is unequal to all of the previous three,
then by subtractions we arrive at the contradiction that λδ = λα. Therefore any set of λα
that extremises the ratio R can involve at most three different values.
It now becomes rather straightforward to find the extrema, and in particular, to identify
the global minima. There are two distinct cases, depending upon whether n is even or odd.
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We find that the minimum is achieved for
n = 2q + 1 : λ0 = λ1 = · · · = λq = λ , λq+1 = λq+2 = · · · = λ2q+1 = −λ , (B.15)
n = 2q : λ0 = λ1 = · · · = λq = λ , λq+1 = λq+2 = · · · = λ2q = −n+ 2
n
λ .
(Of course in each case there are symmetry-related minima corresponding to permuting the
eigenvalues. The minimisation occurs when the set of eigenvalues λi divides into two subsets
that are as nearly as possible equal in size, within each of which all eigenvalues are equal.
This 50/50 partitioning is exact only if n is odd, since the total number of eigenvalues λi is
then even.) Thus we find that the following inequalities hold:
n = 2q + 1 :
I4
I22
≥ 1
n+ 1
,
n = 2q :
I4
I22
≥ n
2 + 2n + 4
n(n+ 1)(n+ 2)
. (B.16)
Substituting into (B.10), and reinstating the cosmological constant Λ by the appropriate
constant rescaling, we then find that∫
|∇ψ|4 ≤ cmax
∫
ψ4 , (B.17)
with
n = 2q + 1 : cmax =
4(n+ 3)Λ2
3(n+ 1)
,
n = 2q : cmax =
4(n+ 1)(n + 2)Λ2
3(n2 + n+ 2)
. (B.18)
These inequalities are used in section 5.
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